Poisson Cohomology of Plane Quadratic Poisson Structures
By Nobutada NAKANISHI* §1. Introduction
As is well-known, Poisson cohomology is of special importance in the theory of Poisson geometry. But unfortunately, the computation is very complicated because of the lack of a powerful method.
Let (Af,7c) be a Poisson manifold, where M is a C°°-manifold and n denotes a Poisson structure on M. If the rank of n is everywhere constant on M, (M,7i) is said to be regular. The computation of Poisson cohomology of regular Poisson manifolds was first studied by A. Lichnerowicz [6] . Some other references are [5] , [12] , [14] .
If (M,7c) is not regular, certain difficulties will arise in computations of Poisson cohomology. Typical examples of such manifolds are linear Poisson manifolds. They are, by definition, the dual spaces of finite dimensional Lie algebras. Their Poisson structures are naturally induced from their Lie algebra structures. There are also some results on the computations of their Poisson cohomology (see e.g., [3] , [8] , [9] , [10] , [11] ).
In the present article, we shall treat quadratic Poisson structures n on the plane From now on, let us denote the Schouten bracket by [,] . The Schouten bracket is a homogeneous bi-derivation of degree -1 defined on L(M):
and is determined by the following six properties:
It is easily seen that a 2-tensor 7re# 2 Proof. For any /e ^, / satisfies (4.1). For arbitrary n>2, let us consider the Taylor expansions of order n + 1 at the origin of the functions a and b. We write these Taylor expansions as a = a n + R itn and b=b n + R 2ttt , where a n , b n are polynomials of degree n and R ltn9 R 2>n are remainder terms. Then we know that both a n and b n satisfy the condition of 
(x,Q)=x-^(x,Q). dx
Using this condition, we get, for
Hence by the continuity of a(x,y\ it follows that a(x,G) is constant for any Proof. First we prove that V is surjective. Let X=aj^+b^ be any element of Z*(R 2 ). Then we must find a solution /e Jf" such that
The integrability condition of /is equivalent to (4.
16). Let jfcdx = a + Q(y).
Then the desired function / is given by First note that any two-vector field/(x,j)^A^ must be a cocycle. Thus Z 2 (R 2 \ the space of 2-cocycles, is isomorphic to ^ -C CO (R 2 ). In the previous section, we determined H 2 (R 2 ) for case (1) . So let's start with case (2).
Throughout this section, we denote the space of C°° -functions which are flat at the origin by </.
We define a subspace 3F' of <F as follows:
dx By Let *= a£ + b% be an element of ^2 
The above matrix, of type (« + l)x2«, which we denote by has rank n + 1. 
